We review three methods of counting abelian orbifolds of the form C 3 /Γ which are toric Calabi-Yau (CY). The methods include the use of 3-tuples to define the action of Γ on C 3 , the counting of triangular toric diagrams and the construction of hexagonal brane tilings. A formula for the partition function that counts these orbifolds is given. Extensions to higher dimensional orbifolds are briefly discussed.
Introduction
Orbifolds have played a pivotal role in both mathematics and string theory. Born in mathematics from discussions of manifolds and quotient spaces [1, 2] , orbifolds were embraced as an avant-garde subject in string theory. The key advance was the idea of compactifying string theory on orbifolds [3, 4] ; this has been promptly recognized as offering new possibilities to the community. A myriad of work and interest followed, ranging from applications in conformal field theories [5] and heterotic string theory [6] , to cosmic strings [7] .
More recently, orbifolds gained prominence through the subject of brane resolutions of Calabi-Yau moduli spaces. D3-branes which probe non-compact abelian orbifolds of C 3 [8] [9] [10] [11] [12] have a world volume theory which is a (3 + 1)-dimensional quiver gauge theory [13, 14] . In M-theory, works by BaggerLambert [15] [16] [17] , Gustavsson [18, 19] and Aharony-Bergman-Jafferis-Maldacena (ABJM) [20] , led to the investigation of M2-branes which probe orbifolds of C 4 . The world volume theory of M2-branes on orbifolds is a N = 2 (2 + 1)-dimensional quiver Chern-Simons theory [21] [22] [23] .
Looking back at the past study of orbifolds, one notices that there have been relatively few systematic studies on enumerating orbifolds. For instance, taking branes on orbifold singularities, it is widely known that there are two abelian orbifolds of the form C 3 /Γ at order |Γ| = 3, which are C 3 /Z 3 -sometimes known as the cone over dP 0 -and C 2 /Z 2 × C. An unanswered question has been how many distinct abelian orbifolds of C 3 there are for an arbitrary order of Γ. We review the systematic study of abelian orbifolds of the form C d /Γ with Γ being a finite abelian subgroup of SU (d). We count these orbifolds according to the order of the group Γ. These orbifolds are toric Calabi-Yau (CY) singularities. Particular attention shall be drawn to the case d = 3.
The three methods of counting orbifolds which are discussed are:
• Using 3-tuples that specify actions of the generators of Γ on C 3 . There are some technical details which make this approach difficult. Full details of this method are given in Section 2
• Exploiting the toric description of abelian orbifolds. Abelian orbifolds of C 3 correspond to triangles on a Z 2 lattice. The counting of orbifolds using this method is covered in Section 3.
• Counting all possible Brane Tilings that can be constructed using only hexagons. A Brane Tiling (or Dimer Model) is a graphical representation of the world volume theory of a D3-brane that probes a toric singularity [24] [25] [26] [27] [28] [29] [30] . Brane tilings formed from only hexagons have a moduli space which is an abelian orbifold of C 3 . The details of this method can be found in Section 4.
All three of the methods above are found to give an identical counting of orbifolds of the form C 3 /Γ. The counting is given explicitly in Section 5. A formula for the partition function that counts these orbifolds is also given [31] . A discussion on generalizing the above methods to count higher dimensional orbifolds of the form C d /Γ for d > 3 is given. Full details of the methods described in this review can be found in [32] .
Counting Orbifolds Using 3-tuples
A method of counting orbifolds of C 3 using a collection of 3-tuples is described in this section. Let us consider the quotient formed when Γ, a finite abelian subgroup of SU (3), acts on the space C 3 . The resulting space is a toric non-compact Calabi-Yau (CY) singularity.
As the group Γ is abelian, the most general form can be written as the product Γ = Z n1 × Z n2 with |Γ| = n 1 n 2 . Let g be a generator of one of the Z ni . Then the corresponding representation is given by
The action of the group Z ni is therefore encoded by three integer parameters a i which satisfy (a 1 + a 2 + a 3 ) = 0 (mod n i ). We can keep track of this action in a 3-tuple (a 1 , a 2 , −a 1 − a 2 ). A list of these 3-tuples, each defining an action for a Z ni , can be used to define an orbifold action for a composite group Γ.
One way in which one can count orbifolds is to simply consider all possible collections of 3-tuples that can form an action. One must then take into account that the same geometry could be defined by two different collections of 3-tuples.
Over-counting Issues
There are different ways in which a set of 3-tuples that define an orbifold action can give rise to the same geometry. Let the following summarize the ambiguity:
• There is a freedom of choosing the parameterization of C 3 by the coordinates z i . One should consider two quotients equivalent if they are related to each other by a permutation of these coordinates.
• The generators of each Z ni are not necessarily unique. For instance, if one considers a generator g ∈ Z 5 then g 2 , g 3 and g 4 are all generators of the group Z 5 . Therefore if one has a 3-tuple (a 1 , a 2 , a 3 ) that defines the action of some group Z n on C 3 then, for λ co-prime to n, the 3-tuple λ(a 1 , a 2 , a 3 ) defines an equivalent orbifold action. The convention used here is to only consider 3-tuples (a 1 , a 2 , a 3 ) that satisfy gcd(a 1 , a 2 , a 3 ) = 1.
• If p and q are co-prime, Z p × Z q = Z pq . Therefore orbifolds of composite order can be equivalent to orbifolds formed by a single Z n acting on C 3 .
An Example -
To explicitly illustrate some of the issues that are discussed above, let us consider the example of abelian orbifolds of the form C 3 /Γ for |Γ| = 3. The only abelian subgroup of SU (3) of order 3 is Z 3 . By enumerating all 3-tuples that correspond to orbifolds actions of Z 3 , one finds that there are 7 such 3-tuples. These are given in Table 1 . After consideration of the over-counting issues given in Section 2.1, it can be Orbifold Name Orbifold Action
Orbifold Name Orbifold Action C 3 /Z 3 (1, 1, 1) Table 1 The two distinct orbifolds of the form C 3 /Γ at order |Γ| = 3.
deduced that there are 2 distinct abelian orbifolds of C 3 at order 3. One orbifold has the orbifold action (0, 1, 2) and is known in the literature as C 2 /Z 3 × C. The other orbifold has the action (1, 1, 1) and is often referred to as C 3 /Z 3 or as the cone over the del Pezzo 0 (dP 0 ) surface.
Consideration of C
When considering orbifolds corresponding to groups of composite order, two 3-tuples must be used to keep track of the orbifold action of the abelian product group. A detailed discussion for this case is given in [32] .
Counting Orbifolds using the Toric Description
A second way in which it is possible to count abelian orbifolds of C 3 is to use their toric description [33] . A toric Calabi-Yau 3-fold can be represented by a convex polygon in a Z 2 lattice. Two such polygons correspond to the same manifold if and only if they are related to each other by a GL(2, Z) transformation. Abelian orbifolds of C 3 are toric and have lattice triangles as their toric diagrams. Therefore it is possible to count distinct abelian orbifolds of C 3 by considering all triangles in a Z 2 lattice that are not related to each other by a GL(2, Z) transformation.
The area of a toric triangle in Z 2 equals the order of the group, |Γ|, in C 3 /Γ. Therefore, to count orbifolds according to |Γ|, all toric triangles of area |Γ| must be generated first. This can be done by multiplying each of the vectors that represent the vertices of a unit triangle by 2 × 2 integer valued matrices of determinant |Γ|.
As an example, it is possible to generate triangles of area 2 by using integer valued 2 × 2 matrices of determinant 2. One could multiply each of the vectors { 
The 2 × 2 matrices one has to consider in order to cover all possible toric triangles of a given area are in Hermite Normal Form (HNF).
Hermite Normal Form
An upper triangular 2 × 2 integer valued matrix of the form
where det M = ac and 0 ≤ b < c is said to be in Hermite Normal Form (HNF). All 2 × 2 integer valued matrices can be written as the product of a HNF matrix and a matrix in GL(2, Z). There are a finite number of integer valued matrices in HNF with any fixed determinant. Therefore, when generating triangles of a given area |Γ| = det M , one only needs to consider this finite list of matrices in HNF in order to cover all distinct triangles.
An Example -
Let us consider again the orbifolds of C 3 at order |Γ| = 3. The HNF matrices of determinant 3 and the corresponding toric triangles are
Each of the triangles in (4) have an edge which is parallel to the x-axis because all 2 × 2 matrices in HNF have a lower left entry which is zero. One observes that there are two distinct abelian orbifolds of C 3 at order |Γ| = 3, which are summarised in Table 1 .
Counting Orbifolds using Brane Tilings
A third way in which one can count abelian orbifolds of C 3 is by using an object called the brane tiling [35] [36] [37] . Brane tilings are periodic bipartite graphs on the plane. They are used to describe quiver gauge theories which are world-volume theories of a D3-brane probing a toric CY singularity. Table 2 shows the dictionary between a brane tiling and the quiver gauge theory.
Brane Tiling
String Theory Gauge Theory Face D5-branes Gauge group Edge between two String stretched between D5-Bifundamental chiral multiplet faces branes branes through NS5 brane k-valent vertex Region where k strings Interaction between k chiral interact locally. multiplets, i.e. Superpotential term of order k Table 2 Dictionary for translating between a brane tiling, string theory and gauge theory [25] .
Brane tilings formed from only hexagonal faces correspond to gauge theories whose moduli space is an abelian orbifold of C 3 . The number of distinct faces or gauge groups in the corresponding quiver gauge theory is the order |Γ| of the orbifold. Therefore, by counting all possible distinct hexagonal brane tilings formed by |Γ| hexagons, one also counts abelian orbifolds of the form C 3 /Γ [38] .
An Example -
Let us consider again the abelian orbifolds of C 3 at order |Γ| = 3. Starting with 3 distinct hexagons which we label from 1 to 3, one finds the following brane tiling constructions
where one observes that there are two distinct brane tilings which precisely corresponds to the orbifolds of the form C × C 2 /Z 3 and C 3 /Z 3 as summarized in Table 1 .
Explicit Counting
The methods given above are used to count abelian orbifolds of C 3 . These three methods are equivalent and give the same counting. Let the number of orbifolds of the form C 3 /Γ at order |Γ| = n be f (n). The first 50 values of f (n) are given in Table 3 . Table 3 The number of orbifolds of C 3 /Γ for n = 1, . . . , 50
By writing the sequence f (n) in terms of a partition function F (t) = f (n)t n , one finds the formula [31] 
Conclusions and Extensions
We reviewed three methods of counting abelian orbifolds of C 3 . The methods involve the use of 3-tuples which encode the action of the quotienting group Γ, the use of the toric description of the abelian orbifolds, and the use of hexagonal brane tilings which encode the corresponding quiver gauge theory.
Two of these methods which use tuples and toric diagrams can be generalised to count any higher dimensional abelian orbifold of C d with d > 3 [32, 39] . One can extend the idea of a 3-tuple that defines an action of a cyclic group on C 3 to a d-tuple that defines the action of a cyclic group on C d . It is also possible to use toric data to count orbifolds of C d . For instance, to count the abelian orbifolds of C 4 , one must count distinct tetrahedra in a Z 3 lattice of a volume |Γ|. Higher dimensional simplices must be considered to count orbifolds of C d for d > 4. Currently, it is not well understood how to extend the idea of the brane tiling to describe and count all abelian orbifolds of C 4 in the context of Chern-Simons gauge theories. A promising solution may be provided by brane crystals [40] which may be able to describe all distinct abelian orbifolds of C 4 .
